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In 1972  Hugh Montgomery - 
during a conversation with 
Freeman Dyson - discovered  
that the zeros of the Riemann 
zeta-function are distributed 
like the eigenvalues of 
random GUE matrices.

Freeman 
DysonSarvadaman Chowla 

introduced Montgomery to 
Dyson at tea at IAS



Montgomery, 1971 – pair correlation



Note from Dyson to 
Selberg with a 
reference to Mehta’s 
book.



Picture by  
A. Odlyzko

79 million zeros 
around the  
         th zero







Bohigas, Giannoni, 
Schmit, Berry, & 
Tabor were the first to 
understand the RMT 
implications of data 
on nuclear levels.

Sir Michael Berry



Eigenvalues of a randomly 
generated 96 X 96 unitary 
matrix 

96 points chosen at random on 
[0,1] and mapped to the circle 
by exp(2 pi I x)



96 zeros of zeta starting at 
a height 1200 and wrapped 
once around the unit circle



Mehta’s book is 
the classic 
reference on 
random matrix 
theory.



Berry’s number variance calculations (1988)





Rudnick and Sarnak (1995):  
“Zeros of principal L-functions  
and random matrix theory”  

Hejhal (1994): “On the triple  
correlation of zeros of the  
zeta function”

Ozluk (1982):  “Pair Correlation  
of Zeros of Dirichlet L-functions” 

Ozluk-Snyder (1993): “Small zeros of quadratic L-functions"



Katz and Sarnak (1999) discovered 
that the classical compact groups 
come into play when one considers 
families of L-functions over 
function fields; in particular the 
symplectic and orthogonal groups.

Nick Katz Peter Sarnak

Symmetry and families of L-functions

This is suggestive of a spectral interpretation 
of zeros of L-functions.

Iwaniec, Luo, and Sarnak (2000) “Low lying zeros of L-
functions” gave ample theoretical evidence for the ideas of 
Katz and Sarnak for families of L-functions over number 
fields. 



Moments





Conrey and Ghosh conjecture: mid 1980’s



Conrey and Ghosh conjecture: 1992

Conrey and Gonek conjecture: 1998



In 1998, Jon Keating and Nina Snaith discovered 
a close connection between the distribution of 
values of  zeta and the distribution of values of 
characteristic polynomials of unitary matrices.   

Jon Keating, Bristol 
University 

Nina Snaith, Bristol 
University



Distribution of values of zeta vs RMT  (Nina 
Snaith)



Keating and Snaith formula:

Z

U(N)
| det(I �X)|2kdX =

(N + 1)(N + 2)2 . . . (N + k)k(N + k + 1)k�1 . . . (N + 2k + 1)
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k2!

gk =
k2!

1 · 22 · kk · (k + 1)k�1 · (2k + 1)

g1 = 1 g2 = 2 g3 = 42 g4 = 24024

g5 = 701149020



More precise moments: Lower order terms



where

Theorem:  
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and

Random Matrix analogue for the fourth moment
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Conjecture (C, Farmer, Keating, Rubinstein, Snaith)

where





Other Moments

Quadratic Dirichlet L-functions

First moment: Jutila; Goldfeld and Hoffstein

Second moment: Jutila

Third moment: Soundararajan; Diaconu, Goldfield, Hoffstein;  
              Zhang; Diaconu & Whitehead: with an extra main term!

Over function fields: Hoffstein and Rosen; Bucur and Diaconu; Florea; Diaconu

GL2(Q) automorphic L-functions

Dirichlet L-functions

Second moment (Selberg, Heath-Brown)

Fourth moment (Heath-Brown, Young)

Good; Duke, Iwaniec & Sarnak; Kowalski, Michel and vanderKam

Diaconu, Goldfeld, Hoffstein

Bucur Florea

Kowalski
Michel



6th moment of Dirichlet L-functions  
averaged over chi and q  (C, Iwaniec  
and Soundararajan (with a mild t average) 
 Matomaki and Radziwill (without t average)

8th moment of Dirichlet L-functions  
averaged over chi and q 
    (Chandee, Li, Radziwill)

Many many other averages

Soundararajan, upper bounds on RH

Adam Harper, sharp upper bounds on RH

Hughes and Young; mollified 4th moment



Ratios
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Martin 
Zirnbauer
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Euler Product

Leonhard 
Euler



RATIOS THEOREM (UNITARY)



RATIOS THEOREM (SYMPLECTIC)



RATIOS THEOREM (ORTHOGONAL)



Ratios conjecture (zeta)



Application to pair correlation





Bogomolny and Keating

Eugene  
Bogomolny



A(⌘) =
Y

p

(1� 1
p1+⌘ )(1� 2

p + 1
p1+⌘ )

(1� 1
p )

2

B(⌘) =
X

p

✓
log p

p1+⌘ � 1

◆2

X0

�,�0

f(� � �0
) =

1

(2⇡)2

Z T

0
f(r)

Z T

�T

 
log

2 t

2⇡
+ 2

✓
⇣ 0

⇣

◆0
(1 + ir)

+ 2

✓
t

2⇡

◆�ir

⇣(1� ir)⇣(1 + ir)A(ir)� 2B(ir)

!
dr dt+O(T 1/2+✏

)

Theorem (Conrey and Snaith 2007) : Assuming a uniform version of the ratios 
conjecture,

where



Difference between theory and 
numerics:





Hejhal, 1994  - triple correlation

where the Fourier transform of f has support on the  

hexagon with vertices (1,0),(0,1),(-1,1),(-1,0),(0,-1),(1,-1),  

and



RMT triple correlation (N. Snaith)



A,B,Q,P are expressions involving primes

(see Bogomolny, Keating, Phys.Rev.Lett.,1996)



Zeta triple correlation (N. Snaith)



Applications to lower order 
terms in one-level densities







One-level density (C and Snaith)

Michael Rubinstein and Pang Gao  
investigated n-level densities for this family. Mike Rubistein



 by Mike Rubinstein

Zeros of quadratic L-functions
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The ratios conjecture implies 
the  theta = infinity conjecture, 
which in turn implies RH

Bettin, Gonek (2017)
“The θ=∞ conjecture implies 
the Riemann hypothesis”

Steve Gonek

Sandro Bettin



Other density results

Rubinstein (2001): n-level density for quadratic L-functions, support of f<1

Entin, Roddity Gershon, Rudnick (2013)

combinatorics of n-level for quadratic  
L-functions using function fields

Gao (2005): n-level density for quadratic L-functions, support of f<1

Mason and Snaith (2016)

combinatorics of n-level for orthogonal and  
symplectic L-families using RMT

> 20  papers on the arxiv with “low-lying zeros” in the title since 1995 
by Alpoge, Amersi, Baier, Chandee, Cho, Duenez, Fiorilli, Gao, Hughes, Iyer, Lazarov, 
Lee, Levinson, Liu, Mackall, Miller, Park, Parks, Peckner, Rapti, Ricotta, Royer, Shin, 
Sodergren, Templier, Turner-Butterbaugh, Winsor, Young, Zhang, Zhao



Moments of long 
Dirichlet polynomials
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Keating, Roddity-Gershon, Rodgers, Rudnick 
“Sums of divisor functions in Fq[t] and 
matrix integrals” (2018)

Rodgers, Soundararajan (2018) 
“The variance of divisor sums  
in arithmetic progressions”

Bettin, private communication (2017)

Basor, Ge, and Rubinstein (2018) 
“Some multidimensional integrals  
in number and connections with  
the Painleve V equation”  

Conrey, Keating (2015-2018) 
“Moments of zeta and divisor  
correlations, I - V”

Goldston and Gonek (1998) 
“Mean value theorems for long Dirichlet  
polynomials and tails of Dirichlet series”
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We conjecture that

and

are asymptotically equal.

Bettin proved that the moment conjecture implies this.
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X

nX

⌧A(n)⌧B(n+ h)

We need information about 

The delta method of  
Duke, Friedlander  
and Iwaniec (1993) can  
provide the needed  
conjecture.

Bill Duke John Friedlander
Henryk 
Iwaniec

Divisor correlations
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The poles of this Dirichlet series can be determined by replacing the exponential 
by Dirichlet characters and finding the coefficient of the trivial character (i.e. zeta).
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What if r > 2?

Say ` < r < `+ 1
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Conrey - Keating approach

is related to 
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Connecting divisor correlations and the recipe

where U(`) denotes a set of cardinality ` with precisely one element from each

of A1, . . . , A` and similarly V (`) denotes a set of cardinality ` with precisely one

element from each of B1, . . . , B` .



`2k�2`

If we sum this over all the ways to split up A and B we  
get what the recipe predicts times a factor

But this is the number of automorphisms of the *-system.

Automorphisms



Wooley has pointed out the connection with counting 
points on varieties and Manin’s idea of counting points on  
certain varieties by counting points on a stratified set of 
subvarieties; this idea may be relevant here. 

Trevor Wooley
Y. I.Manin



If

then

Symplectic Identity
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Ranks of elliptic curves



Which integers m are the sum of two rational cubes?



Which integers m are the sum of two rational cubes?



346 is the sum of two rational cubes



Selmer’s table of A for which 

has infinitely many 
solutions



Conjecture from random matrix theory:

“Rare” solutions with m congruent to 2 mod 7 are  
exactly twice as likely as rare solutions with  
m congruent to 3 mod 7.



125728
59440 = 2.11

Mark WatkinsThis conjecture depends fundamentally on RMT!



(Keating and Snaith)



By random matrix theory (using discretization and the complex 
moments of characteristic polynomials of orthogonal matrices) we 
expect rank two curves to occur in the family of quadratic twists of E 
for about 

CKRS, Watkins



Conjecture: (C, Keating, Rubinstein, Snaith; 2000)

How are elliptic curves of rank 2 from the family of twists of a 
fixed E, distributed in arithmetic progressions?

Fix a prime q; consider





Higher “ranks” in the family of quadratic twists 
of a weight 4 or 6 modular forms



Vanishings of twists of the 
level 7 weight 4 cusp form. 

There are 1155 vanishings 
out of 13298378 twists up to 
d=100,000,000

The first column is the 
prime, the second is the 
random matrix 
prediction; the last is the 
data. 

The RMT prediction is

3   1.18  1.11  
5,  0.55  0.59   
11, 1.06  1.15  
13, 0.86  0.84  
17, 0.84  0.76  
19, 1.35  1.53  
23, 0.92  0.87  
29, 1.14  1.22 
31, 0.99  1.05  
37, 1.19  1.17 
41, 0.90  0.82 
43, 0.93  0.90 
47, 0.87  0.76 
53, 1.06  1.06 
59, 0.79  0.75  
61, 1.14  1.15  
67, 0.95  0.94  
71, 1.16  1.17  
73, 1.14  1.08 
79, 0.93  0.93 
83, 1.21  1.18  
89, 0.91  0.87  
97, 0.97  0.98 



Twists of a weight 2 form by a cubic Dirichlet character

Work of David, Fearnley, and Kivilevsky (2004).

The RMT model involves a unitary model.



 Suggestion for the frequency of rank 3 vanishing

Might be plausible based on Elkies data for rank 3 
curves among twists of the congruent number curve. 
RMT suggests

(Watkins)



Elkies data about rank 
3 twists of the 
congruent number 
curve, sorted by 
Watkins

The first column is the prime. 

The second column is the number 
of rank 3’s in square residue 
classes. 

The third column is the number of 
rank 3’s in non-square classes. 

The fourth column is the ratio of 
columns two and three. 

The last column is the RMT 
prediction.



Matt Young’s conjecture (2010):
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2
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3
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Corollary:

where A is an absolutely convergent Euler product. 

⇣(s) 6= 0 for <s > 5/6. Matt Young

RH



Extreme Values

Conjecture: Farmer, Gonek, Hughes (2006)

max

t2[0,T ]
|⇣(1/2 + it)| = exp

 
(1 + o(1))

r
1

2

log T log log T

!



What RMT won’t do

Constants that involve primes

Main terms of size x^{1-\delta}

Shifted convolution problems

What number theory hasn’t done

First moment of zeta

Complete main terms for real moments

RH





The End


