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£ EULER _PRODUCTS
NO GO 99% OF THE "ProoFs’ ofF RHA

THAT ARE SUBMITTED T0 THE ANNALS
(ABoLT 3 PER week) CAN BE REJECTED ON
uSe THE

14e BASIS THAT THEY ONY/
F\)NC‘HONAL EGUATION

A= T 2[1(5) $l6) = L (2-9)

So THAT THE PRoOE WOULD APPLY CQUALLY
VELL TO Luu:-AR CoMBINATIONS

Fs)= Zc L(s, %), n7Z

where L Is, ’X) AR& L-EuNcTIoNs WITh THE SAME Fe

(FE.)

e T-T \s KNOWN (DAVEAPORT- HewBRONN) THAT
NON-TRVIAL  LINEAR coMpNATIONS HAVE ZERNS onri»?a(s)d-

. ONe ExpecTs THAT SUX E(s) STILC
kAVE |00 /o OF THEWR Z2EROS ON Re(s)-—

SELBERG , Bomaiert | HETRAL, ..



To REMEDY THIS NO GO ,SELBERG /NTRoDuceb’?"‘

WHAT |13 CALLED ToDAay "SELBERG's CLASS
of EULER PRoDucTS” K WHILE INTERESTING FROM
AN AXOMATIC PowT OF VIEW,IT (7 NoT INTRINS(C

ESPECIALLY SINCE THE ONLY [KNOWN MEMBERS
ARE L-FUNCTIONS CoMNG FROM MToMORPHIC FORMS:

L(5,T) ©R MoRE CENERALLY L(s,T,F)

WHERE Tr IS AW AVTORPHIC CUSPIDAL REFRESEN-
TaATioN OF @@L, AND P A FINITE DIMENSIONAL

L
RePREIETATION OF G (G =Gla).

!
v THe Llis,T)s ALL HAVE ANALYTIC
CONTINVATIONS AnD EUNCTIONAL EaQuATIONS
Sl-s , AT (THE CoNTRAGREDIENT ) , TACQUET=

CODEMENT .
THEY ALL HAUE AN EXPECTED GRH .

. AR KEY PonT IS THAT THERE ARE oNnLY
COUNTABLY MANY SUCH T's ,So THAT THE

L-FuNcTioNs  ARE 'RIGD’' ( PRoBABLY A
NECESSARY CONDMOoN FoR GRH TO HoOLD),

o THE FE E. WkleH IS A CONIEQUENSE OF

T4e ADDITMIVE TREORY AND THE EULER PRodueT

WHCH COMES FROM THE MV LTIPLICATIVE STRUCTURE
ARE. DIFEICULT TO STUY SIMULTAMEOUSLY,



2] WHAT 15 KNOWN TOWARDS GRH ¢ £
AL METHoDS ARe BASED OA PoSITIVITY .

* BADAMARD | DE LA VALLEE Pauss @ T(s)#0 , Re(s)=1.
L[sTRiT}= st 2 (s ) (seite, o)L (56,7 ) L seastymem)L it k)
‘ﬁas ?oSi—h‘oe. coefFfretents \
T = 4EHT® L@ TR
Tue RANKIN -SELBERG- L-FUNCT(O u)

(L\s S 7R 0% B

= Llsm)¢o For Reld=l; STANDARD 2ER6 Free ReGiong
N TERMS OF CONDUCToR OF T

. FoR SAY $(s) one cAx MAKE SmALL (BUT UARD
EARNED ) IMPROVE MENTS CuNG UPER Bounds FeR
doi's MEAN VALE ESTIMATES,

€ (1rit) VUNG VINOGRA
RECENT PROGRESS ON Tie LATTER DoES NoT YI&tb Mzgfze

EISENSTEIN SERES AND PoSITNITY

T#s 'S THe MosT PoNERFUL METHe) To DATE ON GRR.

THE SPecTRAL THEORy OF EISENSTEN SEMES FOR

GeneRAL G/ B ( SELBERG [LA# GLANDS ) SHONS THAT The
CONSTANT TERM ALONG A (MAXIMAL) PARABoLIC
SUBGRIUP HAS No POLES on THE UNITARY AXLS;
TH3 IS A CONSEQUENCE OF THE MAASS - SELBERG m«s&r

= L(s,w,pl40 For Retsizt FoR ALt KNoWA CASES
TALQRUET-SHALIKA ) SHAKIDI .,




&

. THE ABONVE CAN BE MADE EEEECTIVE

(GéLBAR'r - LAPID- SA ) AND EVEN ACHIEV

STANDARD ZERO FREE REGIOAS (54 GODFELS LT,
HUMPHRIES Y

To TLWSTRATE WHY THS
MORE POWERFVU\L AT LEAST

L(s,m sym' ) , T o8 Gl /&,
P’S%“q of €L (&) ,EVER Phapuct oF Deceee 0.

CONVERGE IN Re(s)> 4

Tr 15 NoT KNOWN To
ANVUTAN CONTECTURES)

( We DoNT Keow TE RAM

YET THE EISENSTEIN sees Pos(miviTy

avd on G = Eg SHows THAT
L (s, T, Sé\vﬂ)#o FoR  Rels)=1

WiITH A BxpuciT 2eRo FRee  REGtoN !



3). TosmViTY AT THE CENTRAL PoINT (ersensTemt sea%’)

T SEWF DUAL , T =T, LI3T) 13 REAL FOR S ReAL.

Gk = L(%—)T)7O

. Te VAWE L(&,w) (1F Elw) RooT NUNBER 13 1) HAS

ARITHMETIC MEANNG FOR CERTAIN T's (8ikcH !
SWINVERTON DYER CoNTE<TURES AdD GENERALI2ATIONS)
3 (3 THAT L c AN

K
Fok T=T , T 15 SympLecTec IF Lis;m,N ) HAS
A Yol AT S=21 . |

. (LA‘PID—RA-LL\S) T SyMPLECC -'-DL(,“—,-:r)zo

(INCLUDES AL KNONN CASES)

AGAN Tus (3 DeRWED ERom A PostTviTy ©F

aies (RESIDUE S ) ON A

EISENSTEIN SE
( MAASS—

CORRESPONDING S YMPLECTIC GRou?P
SELBERG INNER PRuducT )

. -Tue VeTENTIAL USE OF EISENSTEIN SER(ES
FoR SL; AnD THEIR VAWES AT CH™ PoinTs
HAS REEN EXAMMED SPEcTRAUY B GARRET/ BONBIER |
AND EARLIER  DEBURWNG cLASS NUMBERS,
PSUEDO CUSY FoRMS; HETMAL ,coti DE VERDIERE



b, FuNCTioN THEORY (POLYA,--- ) e

No GO PROBLEM ( FoR 2ETA ITSELF ONE
[MUGHT ARGUE THAT HAMRBURGER' THEOREM
RIGIDIFIES THE PROBLEM )

oQ
§§ (8= Z (an'F %3 n’rreﬁ)exp(—vr e )
"

= Pl-t)¥o0 [(FE RIEMANN )

(TlHJ LAST PostTiViTY
AUTOMORPHIC L-FUNCTION , T
oNLy BE FWITELY MANy SVCH

3 FunNcTion IS ThE Fouvek TRANRY

RIEMANNSS
«d
3(>2)= ¢ S S 1) cosGet)dt
o)
R R
D(r) << &x?( W -re ) , tem
seT z = AND —®
‘ Y2
3 ()= E‘S(x) = —_
k|
k=0 ‘

A FuNcTioN oF oRIER T



. C50RDAS-VARGA Sttow THAT (7')

RH<=) REAL RoOTEDNESS oF THE R-SHIFTED
Jefqen PoLyNoMIALS OF DEGREE #:

Jax (o) = Z-:l(:) Xkﬂ'xs
40

. CRIFEIN —ONo-RoLEN ~ 2 pGIER HAVE SHOWN

REcENTLy THAT FoR M FIXeD T 'S REAL
RooTED As kR —>0c0 .
1 HAVE NoT SEEN THE pETALS BUT T

EXpPECT THAT Tms LARGE R cAN BE PRoOVED
FOR LINEAR COMBINATIONS Fis) As WeLL.

IN ANSTHER DIRECTION OWNE

CAN TRy DEFORM  S(3) iNTo A FAMILY
OF ENTIRE FuNcTroNs AND  Foltow THE
Lo CATioN ©F Tpe 2ERes . FoR THE

¢ 0 NSTANT TERM OF EISENSTEIN SERIES
Tirs WAs DonNE PHILLIPS/S DEFORM/IN ¢
(N TEICHMULLER SPACE .

IN THts CASE THE PRIME ANUMBER THEOREM
1S <TABLE.



@

Je-BRUN /NEWMAN  DEFIRMATION |

bélﬂ Y <0
35 (2)= gfx? (¢ at-bt*) §(~t§o(+.

CoNVERGES FRom (¥ b=o IS RignAnn's §

ResuLrs OF PoLYA SHoW THAT (F b<b' AWD

Jp 1 REAL ROSTED TWeN So IS 35, So THE
WHAT I3 THE THRESHOLD N

QUESTION /s
IN  Re(9)?]

THE NoN VANISHING of <SIs)

=) b* > -’/g.

¥
RoDGERS AND TAC suowW THAT b <o (RH@?

b'=0).



§ FUNCTIONAL ANALYSIS 9

THe FUNCTIONAL ANALYTIC AND
SPECTRAL APPROACHES ARE AL BASED ON
THe ACTION ©OF DiLATIONS lmvmpucm'cm)

T, ,xﬂ‘&“ (oR LARGER ABELIAN GROUPS)
AcTiNG ©N VARIOUS  FUNcTioN SPACES

¢ (x) = F0O
+ BEVRLING ,NYMAN, BAEZ -DUARTE ,. -
ey =Ly € L* (0,%0)

RACTION 1N VARIANT
M GRouP )

.- BURNOL

RH &) Twe CLOSED CoNT
suBSPACE GENERATED By (THE SE

(TR tyy,  CcontANS 12 (0,2) , I

|T SUFFICES THAT 1T CoNTAIN X[M]
.

FAcT
od
Shk) s
He | Gxs

O



o

‘VASYUNIN  EYAmmed THE PRoBLEM oF
AP?ROXMATING 7&”.‘, WiTH LINEAR CoNEMATINS

WiTh A= Pgh, ne Z, AND TAkmE oN
BinNARYy VALUES O 1. RE FouNd (NFITE
FAMILIES OF SOolWTIONS As WELL A'S sPeRANIC

ONES — NoT ENOVGH To GET XLO ‘3
) .

- DoBER FolLoWING AN INSIGHT of

WHICH RELATES THESE

VILLEGAS
H'/PZRGEoNtTRlcS

CoNSTRVUcTION S ©OF VAsyumN To
F. WiTh INTEGRAL COEFFICIENTS AND

n N
Folre MowoDRomy, SHoW3 TRAT VASYyUNIN's

Ligt IS COMPLETE .

WHILE THIS SHoOWS THAT OWE CANNOT
ACHIEVE Twis AWPRoxImATION WITH THESE
RESTRICTED LiNEAR coMBINATNS OF
ERAcTIONAL PARTS ,IT 13 A ReAUT | FUL
y PERGEOMETRICS AND THER

ConNNEeTiON To
HeEV' s

MoNODROMY An) ALSO To CHEBYS
ELEMENTARY APPRCACH To Tre P.N.TH.



h_
VARIATIONS ON THE [, THEME LEAD

To REALIZING <THE 2EROS SPECTRALY AT
LERST AT A FORMAL LeVEL .

. TF WE HAE A SPACE OF FUNCTIONS
(R DISTRIBUTIONS) WHICH IS INVARIANT  UNRER
ee GRoV? T [Ae R™) ThEn ThE E1GEN-
FuNcTioNs MusT BE OF THE FORM

f=x  Lre¢.

The LINFAR SPAEV ON Rye OF FuNCTIOAS

¢) = b2 (R (D’?O
f () %f‘" ), F €4, #0750

1S Ty INVARANT.
Toe DISTRIBUTIONS D ANMHILATNG N 13

T,\ INVARIANT AND FRoM
< ~
(2 gtmn) ) de = Qo) £is)

0 11 )
=) EICENFUNCTIONS D oF T, CoRREsnd To clpl=0



THs 15 THE BASIS OF VARwous SPECRAL |12
INTERMBTATIONS OF THE 2EReS C CONNES
BERRY [ KEATING BENDER [ BRODY [ MULLER, - )

N THE ULATTER “TWO <THERE IS A SECOND
oRDER D\FFERBA‘T L OPERATOR THAT COMMVUTES

wern T, )
INTERPRETATIONS STILL

v THESE SPEcTRAL
PROBLEM

HAve Twe No Go

. IN THE CASE THAT Cls) ok
Lis,Xx) HAS A MuLTIPLE ZERD THESE

DILATION
Twis FEBATURE IS AN IMPORTANT PHILOSSPHIcAL

ONE - (%)
. WHY DO W

oP2RATORS CANNOT BE DaA&oNAuaeo)

E WANT A SPECTRAL NWR?Rem’«mZ

LINEARIRES OUR PROBLEM AND A3 LonN G AS
THE LINEAR SPACE AND W2RATOR HAVE S TRVCTUREY
THAT CAN BE INVESTIGATED T3 <o) BE USEFUL

. Tue 'HILIERT-POLYA ' TDEA TRAT THS LiNEAR
SPACE COMES Wi Th AN INNER  PRoDUCT MAKING

THE OPERATOR 3IELF ADTONT IS I ThmNk. NAIVE
wow

IT HAS NET WORKED (N 0TWER SETTiNGS AND DoES NoT ALLCH



b. FuNcTioN FELDS (ARTiN,WEIL,... ) U
CURVES C OVER FINITE FIELDS THERE ARE
Two STEPS .

I)SPECTRAL INTERPRETATION OF 2E£ROS T AREUGH
Tue AcTion OF FROBENIUS ON COMomMOLOGY ,

iilPRooE OF RH THROUGH PoSITVITY .

WELL GAVE TWO PRooFS
(@) GENBRALIZING HAssE's J=I CASE , PASSING TO

TACCC) AND ANALYSING FRoBEANIUS P /N
End (TAC )  ROSATL 1NoLunon ', TRA($'d) 70,

(b) Vin coRReSPoNDEcEs SN CxC. The Pesimery
CoMiNG FRom CASTELNouvds INEQUALITY ON

SURFACES. BomBiERL (1996) GIVES AN ACCOUNT
WiTh POINTERS To Tue ExPLiciT FORMULA (BELoW)
A VARIATION ©F THiS PRooF Y1ELDS THE PosriviTy
DIRGeTLy FRoM RIEMANN-ROKH ON Cx (MATTUCK -TATE),

() STEPANOV's ELEMENTARY PResF; USES W HAT
CoMBINATORISTS CALL TODAY “rng PoLyNomiAL METHOY".
A FEATURE OF TH3 PRoUF IS TRAT 1T GoEs BEyond
Tue RH — GWING PRECIOUS INFORMATION FoR 9>{p A4 236
: F‘
(d\.beL\eNE's PredF USINE FAMILIES :NMD;oMg
HEN TENSR PoweR REPRBSENTAT oNS , PosiTIV TY FRoy
TueRE. AS YET THIS 1S THE ONLY M ETHOD
THAT HAS SUCcEEDED FoR HIGHER himBNStoNAL VARETES




Nov X/ 7 ¥

©Of 412 C 84 CEC




Ml
7) SPECTRAL INTeRRReATion VIR AJge ( conen, conves)
(Nof 0 BViovsLy No GO) -

ARG OF ADELES OF B (A GGy, -+ )
(ADDITWVE ) GPG z? fw a.a. P .

Aa‘ RWNG OF IDELES ( Go,%,G3, - )
e plicative Q%0 ,QeUp fwaa. p,

DsuAL SPacEs (TATE 'VALUATIN VECTORS' )
A/ﬂ AWNTIVE ACTioN /A*/@:' MULT. ACTtoN

/A/@* Very SINGULAR

TN My FiRsT MEETINGS WiTH PAUL AS A
GRADUATE STUDEWNT (19%%) HE PaInNTED To
A@: AND The Action  Ty: %723

ye /g, x € A (g ( mueTIPLICATION OER ADDITION)
AND THAT THE TRACE OF THIs Acmien LEADS

FeRMALLY To Tue RHS OF TTHE
RIEMANN - GUINAND -WE I ExPLICLT

FoRmyULA.



LHS = SUM OVeR 2£Res Md PoLEs oF AL us

Heae L- FuNcTions oF K (A No' FIELD)
oF TFAIER TRANSFoRM OF A

RHS = | h(u *
25 — ) d W

KX [1— |

ThE TECHNICALITIES AROUND THE VERY
SINGULAR SPAE A /®&* LED PAuL To
STUDy SELBERE'S WORK ON Tue TRACE
FoRmuLp (THis BECAME my Thesis ToPIc),

COHEN REALIZED EARLy ON THAT TO
MAKE ANy USE OF THIS OWNE HAs T8 Go

BEYoND FORMAUTIES N SEARCHING FoR
T#E SOURCE OF PoStTIVITY . His ThiNking

WAS CERTAINLY (NFLUENCED BY WEILS

CORRESTONDENCE PROoF ©ON CxC AnND
WEIL's QUPADIRATIC FUNCTIDNAL

PSSITIVTY EQUIVALENCE 1V HIS

EXPLICIT  FoRMULA [ BomBIER HAS
MADE AN N DEPTH STudy OF THE LAST)



(PAVL)
OVER THE YEARS HENTRIED Mady 13

VARANTS FeR THE SPAE A/R
MOST LY ComB NATORIAL , Somg OF WhicH

MABE CONTACT Wit Sieve THEORY

connEs (1999) PT FoR™ A
PREUSE INTERPRETATION N TeRMS OF Tuls

/A’/d' AcTioN AND 1TS TRACE. THe SoBolLEV
NoT ALLOW
ol

SpactEs THAT #e used, Do
NorR \ HiGH

FoR R2EROS OFF THE LINE |,

MuLT(PLICITY EROS.
s WAs RecTiFrED By MEJER

(2065) WHo  ALLows MoRE GENERAL-

ToPoLoGICAL VECTOR SPACES . He
REALIZES THE ExrLIQT EoRMULA

A THE “TRACE OF THE ACTon OF
A"/@u ON A SUITARBLE 3IPACE OF

FuNcTionS ON /AVQ" .

Tue 2ERoS (PLVS poLe) ARE THE
EleenVAaLEeS OF Tws AcTiaV.



l.'_?'_

My BELIEF I3 THAT THE MMETHOD
OF FAM(LIES OF L- FUNcTioNS IS THE

WAY FORWARD (As | T Is Fok DELIGNE
IN The GENERAL WEIL CONTECTURES ) |

IT 15 A GENERAL PRINCIPLE , THAT 1T
1S DIFFteueT To STVDY AN [SOLATED

oBIecT AND ONE wouLd Like To
DEFORm IT INTo OBJIECTS of A SmILAR

GENUS .

TN THE CARSE OF AUTOMORPHIC
L- FUNCTIONS , TEMPULIER/SHI [Sp HAvE
PUT FoRTH A DEFNIMonN OF A GENERAL
FAmiLY. THESE TJERVE To FoRMULATE
BASIC CoNCEPTS ASSOCIATED WiTh
THE SYMMETRY OF A FAMmILy AND
To Ask AND ANSWER VARIOVS
QUESTIeNs FoR FAM(LIES OF L-FUNCTwoNS



WHILE NONE OF THESE CAN BE 8
SMD To BE Tooets FeR PRoVING GRHK

THE RESULTS THAT CAA Be PRoVED

AME OFTEN Good ENouGH To 1]
ComPLETE 3JUBSTITVUTES ©F GRH

cerThn AprLicATIoNs (ThE DOMBIER]/
ViNOGRADOV THEOREM (S A PReTO -

TYCAL EXAMPLE) .
WHAT 1S LACKING IS A GENUINE

MARRAIGE OR GLLE TFOR Tue L-FUNCTIoNS
IN A FAMILY , A3 THERE IS VIA
GROTHENDLECK'S THEORY AND MONODRoMY
N TAE FuNcTioN FIELWD |

“To TJoINT To Tu#e FRST RoAD
BLok: WHAT IS THE ANALOGUE
OF Tre 3ymm2TRIc PowWER L- FuNcTrons
Of SATO AaD LATER LANGLAANDS,

FoR FAMILIES oF AVTomeoRPH ¢
L-FJYNCTIONS

IN



